It is well known that the set of positive solutions may contain crucial clues for the stationary patterns. In this paper, we consider a class of diffusive logistic equations with nonlocal terms subject to the Dirichlet boundary condition in a bounded domain. We study the existence of positive solutions under certain conditions on the parameters by using bifurcation theory. Finally, we illustrate the general results by applications to models with one-dimensional spatial domain.
Introduction
Recently, many researchers pay more attention on the studies of reaction-diffusion equations; we refer to, for example, [-]. Ecologically, positive solutions correspond to the existence of steady states of species. It is well known that the set of positive solutions may contain crucial clues for the stationary patterns. From the mathematical viewpoint, it is important to derive some information about the set of positive solutions by means of the coefficients such as the growth rate of the species. Especially, most of the references concentrated on diffusive models with a single population (see, e.g., [, , ]). One of the most classical diffusive logistic equations is
which was regarded as a logistic system of individual species in the ecological studies.
Here, u(x) is the population density at location x ∈ , λ ∈ R + is the growth rate of the species and is usually deemed to be a variable, K is a positive function denoting the carrying capacity, and p > . In (.), we assume that is surrounded by inhospitable areas, subjected to the homogeneous Dirichlet boundary conditions. Later, many scientists found that the movement of an individual species is sometimes determined by surrounding conditions around the point where the species stays. For example, we consider movements of animals, where each individual species mutually interacts by seeing, hearing, and smelling around themselves. That is why interaction by chemical means may take place under certain circumstances. Hence, it seems more realistic to take account of nonlocal effects in the study of species dynamics; see [, , , , , ]. Usually, this nonlocal effect depends on the value of the population around x, that is, the crowding effect depends on the series of values of u. In some special cases, this nonlocal effect also depends on the value in a neighborhood B r (x) of x, where B r (x) represents the ball centered at x of radius r > . Along these reasons, system (.) is replaced by the following more general diffusive logistic population models with nonlocal effect:
and 
where K(x, y) vanishes away from the diagonal domain of R N × R N . Allegretto and Nistri
[] found that (.) possesses a unique positive solution when
and K δ (|x -y|) is bounded away from zero when |x -y| < μ < δ. Later, Corrêa et al. In the aforementioned literature, the authors only concentrated on the single species. For the model with two populations, in particular, for those diffusive Lotka-Volterra systems without nonlocal terms, the questions posed have been extensively studied in [, , ] and references therein. However, the discussion of the dynamical behavior of two interacting species in the presence of nonlocal term effects is more difficult than those models without nonlocal term effects. Lately, Guo and Yan [] employ Lyapunov-Schmidt reduction to investigate the existence of the positive solution of the following model:
where u(x) and v(x) are the population densities at location x, λ >  is a scaling constant, and is a connected bounded open domain in R N (N ≥ ) with a smooth boundary ∂ .
The kernel functions A ij (i, j = , ) describe the dispersal behaviors of the populations. A natural problem is whether (.) has a positive solution for λ not only near to but also far away from λ  . Moreover, it is very interesting to investigate the following more general population model with nonlocal delay effect:
where ⊂ R N (N ≥ ) is a bounded domain with a smooth boundary ∂ , p, q are positive constants, and
Here u(x) and v(x) can be interpreted as the densities of prey and predator populations at a spatial position x ∈ , and the parameter λ is a positive real number representing the growth rate of the prey and predator. The purpose of this paper is to find sufficient conditions ensuring the existence of a positive solution for all λ > λ  . Our main approach is global bifurcation theory, which is different from the method adopted in [] . Moreover, we also obtain the stability of the positive solution by analyzing the distribution of the eigenvalues, which was not considered by Alves et al. [] . Throughout this paper, we impose the following assumptions on the dispersal kernel functions A ij (x, y), i, j = , .
(C) T  and T  are positive on the space C + ( ) × C + ( ) in the sense that
the space of positive continuous functions, and
(C) If u, v are measurable and satisfy 
where the space H
the Sobolev space of L  -functions f on with derivatives
Our main results are stated as follows. 
Theorem . Suppose that
. Moreover, the inequality is strict as soon as  \  contains a set of positive capacity (since the first eigenfunction cannot vanish on such a set). Hence, we have the following result. The remaining parts of the paper are structured in the following way. In Section , we employ the global bifurcation theory to obtain the existence and stability of positive solutions of (.) under conditions (C) and (C). Section  is devoted to the case where A ij (i, j = , ) satisfy condition (C). Section  is devoted to the application of our theoretical results to some one-dimensional models.
Proof of Theorem 1.1
In this section, we introduce some basic results. First, consider the functions φ
If A ij (i, j = , ) and ω are bounded, then φ ij p,ω (i, j = , ) are well defined. Moreover, we have the following observations:
Using these notations, it is easy to observe that (u, v) is a positive solution of (.) if and
First, we show the nonexistence of a positive solution of (.) for small λ.
Lemma . Suppose that A ij (i, j = , ) satisfy (C) and (C). Then system (.) with λ < λ  has no positive solutions.
Proof We prove this lemma by contradiction. Assume that (.) with λ ≤ λ  has a positive solution (u * , v * ). Then we have
Let (λ  , ψ  ) with ψ  >  be the principle eigenpair of the eigenvalue problem
Multiplying (.) by ψ  and then integrating it on , we have
Since ψ  > , u * > , v * > , and λ ≤ λ  , we find that each of the left-hand sides of the two equations of (.) is less than  and that each of the right-hand sides of the two equations is greater than , which is a contradiction. So system (.) has no positive solution for λ ≤ λ  .
Proposition  ([]) Assume that there exists a pair of positive functions u, v
Then the principle eigenvalue of the eigenvalue problem (.) is positive.
In the following section, we intend to prove the existence of a positive solution for (.) by using the classical bifurcation result of Rabinowitz [] . To this end, we recall that there
Obviously, S is well defined, linear, and satisfies
Moreover, by the Schauder imbedding theorem, S :
In view of the spectrum of S, it is easy to see that
is an eigenvalue of the minus Laplacian operator .
On the other hand, define the nonlinear operator F :
Obviously, F is continuous and satisfies
Using again the Schauder imbedding theorem, we see that F :
Furthermore, note that
Then we have
from which it follows that
solves (.) if and only if
V = G(λ, V ) λSV + FV .
In view of []
, considering E = C  ( ), we have the following result.
Theorem . Let E be a Banach space. Suppose that F satisfies (.), S is a compact linear
operator, and λ - ∈ σ (S) with odd algebraic multiplicity. Let
and let C be a closed connected component of that contains (λ, ). Then either
Remark . Because λ  is the principle eigenvalue of the eigenvalue problem (.) with the associated eigenfunction ψ  >  on and its multiplicity is simple, by the global bifurcation theorem there exists a closed connected component C containing (λ  , ) and satisfying () or () for solutions to (.).
In order to prove the existence of positive solutions of (.) with λ > λ  , it follows from Lemma . and Theorem . that it only suffices to prove that conclusion () of Theorem . holds and that V is bounded when λ > λ  . 
Lemma . There exists ε >  such that if (λ, V ) = (λ, u, v) ∈ C with λ -λ  < ε and V C  ( ) < ε where u =  and v = , then u and v have definite signals, that is, (i) u(x) >  and v(x)
Note that
Then, using the Arzelà-Ascoli theorem, we see that, for each fixed i ∈ {, }, w 
In view of (.), we have φ
Since w  w  = , it follows from the spectral and limit theory that, for each fixed i ∈ {, },
In what follows, we only consider the case where w  (x) >  and w  (x) >  for all x ∈ because the other three cases can be discussed analogously. Note that w  and w It is easy to check that if (λ, u, v) ∈ , then the pairs (λ, -u, v), (λ, u, -v), and (λ, -u, -v) are also in . In what follows, we decompose C into C = C +,+ ∪ C +,-∪ C -,+ ∪ C -,-, where
The following lemma tells the fact that system (.) satisfies Theorem .().
Lemma . Each of C +,+ , C -,+ , C -,+ , and C -,-is unbounded.
Proof It is easy to see that if one of C +,+ , C -,+ , C -,+ , and C -,-is unbounded then the others are also unbounded. Therefore, it suffices to show that C +,+ is unbounded. Suppose that C +,+ is bounded. Then C is also bounded. In view of the global bifurcation theorem (Theo-
We take
and using similar arguments as in the proof of Lemma ., we get that (w Proof First, we denote by · the usual norm in H   ( ), that is,
Indeed, if this were not true, there would exist
Case . u n → ∞, v n → ∞ and λ n → λ  ∈ as n → ∞, and (u n , v n ) = G(λ n , u n , v n ). We only discuss Case  because the other cases can be dealt with analogously. Let
Then, without loss of generality, we suppose that there is w = (w  , w 
Passing to the limit in these equalities and using the Fatou lemma, we have
Take into account condition (C), we have w  = w  = . Namely, w 
Note that {λ n } ∞ n= is bounded from above by and
Taking the limit, we conclude that w  n →  and w  n →  as n → ∞, which is absurd because w  n = w  n =  for all n. This completes the proof.
Proof of Theorem 2.1
We observe that if A ij (i, j = , ) do not satisfy condition (C), that is:
We conclude that |D ε ∩ B r | =  for all ε >  and r > , where B r (x) B r is the ball centered at x of radius r > . Hence, |D ε | =  for all ε > . This completes the proof.
Hereafter, we proceed as in the proof of Lemma .. Our goal is also to derive an estimate of a priori bounds for (λ, u, v ) such that one of the following three cases holds: . u n → ∞, λ n → λ  ∈˜ as n → ∞, v n ≤ l, and (u n , v n ) = G(λ n , u n , v n ); . v n → ∞, λ n → λ  ∈˜ as n → ∞, u n ≤ l, and (u n , v n ) = G(λ n , u n , v n ); . u n → ∞, v n → ∞, λ n → λ  ∈˜ as n → ∞, and (u n , v n ) = G(λ n , u n , v n ). We just discuss the case  because the other two cases can be dealt with analogously. Let (.)
Taking the limit in equation (.) and taking ρ = ψ  , where ψ  is the first eigenfunction associated λ  ( j ), we have
which is a contradiction.
